We study the symmetry and integrability of a modified Camassa-Holm Equation (MCH), with an arbitrary parameter k, of the form
Introduction
The linear and nonlinear partial differential equations have encompassed the landscape of many disciplines such as chemical, physical, biological sciences, engineering and mathematics due to its potential ability to provide adequate understanding of the underlying systems. There are many wave equations in engineering and physics that are quite helpful and relevant such as the Kortewegde Vries (KdV) equation, nonlinear coupled KdV equations, Modified Camassa-Holm (MCH) equation and so on [1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11] . In general, the closed-form solutions of the differential equations are very hard to achieve in most instances.
Numerous systematic techniques still have been developed to find the solutions of differential equations in recent years. Especially, Lie Symmetry Analysis [12, 13, 14, 15, 16, 17, 18, 19, 20 ], Painlevé Analysis [21, 22, 23, 24, 25, 26] , Adomian decomposition method [27, 28] , the variational iteration method, the homotopy analysis method, the homotopy perturbation method and variational homotopy perturbation method have been utilized successfully to solve and study the nature of integrability of partial differential equations [29] . Among these methods the symmetry analysis and Painlevé Analysis have been used by researchers effectively [20, 30, 31] .
Recently researchers have been inspired to study the integrability and solutions of various Camassa-Holm (CH) types of equations with cubic or higher-order nonlinearities. Olver and Rosenau [32] and Fuchssteiner [8] derived the well known modified Camassa-Holm (MCH) equation:
by employing the triHamiltonian duality approach to the biHamiltonian representation of the MKDV equation. The functions u and y represent, the velocity of the fluid and its potential density [33] . The MCH equation is a water-wave equation and is a suitable approximation of the incompressible irrotational Euler system. Consequently Qiao [33] discussed the nature of integrability and the structure of solutions of the Modified Camassa Holm equation. In some literature the modified Camassa Holm equation is otherwise state as FORQ equation [34, 35] .
The MCH equation is completely Integrable [32] . It has a biHamiltonian structure and also admits a Lax pair [36] and hence may be solved by the inverse scattering transform method. The MCH equation can be viewed as a cubic extension of the well-known Camassa-Holm (CH) equation which was proposed as a model describing the unidirectional propagation of shallow water waves [37, 38, 39] and axially symmetric waves in hyperelastic rods [40] .
The purpose of this work is to study the symmetry and integrability of MCH equation with an arbitrary parameter which is given by
where parameter k ∈ R characterizes the magnitude of the linear dispersion.
We split this article into two sections. In the first section we discuss Lie point symmetries and reductions of order for (1.2). Lie symmetry is an important tool to provide a systematic method for finding the solution of the given differential equations. In which, we reduce the order of the ordinary or partial differential equations by using the symmetry. Hence, Lie symmetries plays a major role in it. Lie symmetries can be used for the classification of differential equations. Throughout this literature the Mathematica add-on Sym [41, 42, 43] is used to compute the symmetries. In the second section, we study the Painlevé Analysis for equation (1.2) and we able to prove that the equation (1.2) is integrable.
The Symmetries of modified Camassa-Holm equation
Qiao [33] discussed the equation
which is integrable only when k = 2. The author also suggested to examine the integrability of the above equation for all possible values of k. Therefore we propose a more general form of (2.1) by taking k as k(t) which is a function of t. Hence the modified Camassa-Holm equation (MCH) with arbitrary function, k(t), [33, 44] can be represented as
when k(t) is an arbitrary function of t. Equation (2.2) has a symmetry ∂ x . Also we have arrived at the trivial solution u(x, t) = C to the equation (2.2). To find the nontrivial solutions, we choose k(t) = k as an arbitrary parameter. Therefore the equation becomes
The symmetries of equation (2.3), when k is an arbitrary parameter, are
The Lie Brackets of the Lie symmetries of equation (2.3) are
Now we discuss the travelling-wave solution of equation (2.3) by taking the linear combination of X 1 and X 2 . Therefore we can represent the linear combination of these two symmetries as X 4 = ∂ t + C∂ x . The corresponding canonical variables are r = x − Ct and u(x, t) = Q(r). Based on these canonical variables the equation (2.3) can be reduced to
where Q is the function of the new independent variable r. The symmetry of the above equation (2.7) is ∂ r for which the canonical variables are Q(r) = Q and Q ′ = W (Q). Based on these canonical variables the equation, (2.7), can be reduced to
where W is a function of Q. When we find the symmetries of the equation, (2.8), we arrive the following two possible cases.
Case:1
If k = −2, Then the symmetries of the equation, (2.8), are
(2.16)
When we use Γ 1 , the solution of equation, (2.8), is given by
17)
where I 1 is the constant of integration. From Γ 4 , the solution is
By using Γ 5 , the solution is
19)
where I 2 is the constant of integration, with (2Q(k + 2))
By using Γ 6 , the solution is
20)
where I 3 is the constant of integration.
Case:2
If k = −2, then the symmetries of the equation (2.8) are
(2.28)
By using Γ 4 along with the solution obtained from Γ 1 , the another solution of Γ 4 is W = ± 1 − C + Q 2 .
(2.32)
(2.33) By using Γ 6 , the solution is
By using Γ 7 , the solution is
By using Γ 8 , the solution is
(2.36)
In the above I 4 , I 5 , I 6 and I 7 are the constants of integration.
In what follows, we reduce the order of another form of the equation (2.3) by using an equivalence form of the symmetry, X 3 , as follows. Therefore, firstly consider the another form of equation ( 
(2.37)
According to equation, (2.37), the equivalence form of X 3 is represented as Γ 3 = 2t∂ t − u∂ u − v∂ v . Also the associated transformations for the variables are: u(x, t) = y(x) √ t and v(x, t) = z(x) √ t . Therefore the equation (2.37) becomes
The symmetry of the above system (2.38) is ∂ x . The reduced ordinary differential system from system (2.38) is given by
by using the canonical variables y(x) = y, z(x) = z, y ′ = p(y) and z ′ = q(z) which are obtained from the symmetry ∂ x . One can find the solution of (2.37) by solving the equation (2.39).
Painlevé Analysis
Paul Painlevé, was French mathematician, was found the Painlevé Test. By applying this test one can determine the integrability of a given ordinary differential equations or partial differential equations in terms of analytic functions [23, 45, 46, 47] .
Mark Feix and his collaborators have investigated the procedure of Ablowitz Ramani Segur (ARS) Algorithm also they found the underlying relation between ARS algorithm and Painlevé test [21, 22, 23] . Based on their outcomes, the solution can be identified as two possible ways(i.e) Right Painleve Series and Left Painleve Series. The Right painleve series means the Laurent expansion in an ascending form obtained from negative integral power and it constitutes the solution of the given differential equation within a punctured disc centred on the singularity [25, 48] . On the other hand, the left painleve series means an expansion descending from the same negative integral power constitutes the solution of the given differential equation shows without the disc [25, 48] .
The existence of nongeneric negative and positive resonances was demonstrated by Andriopoulos and Leach in [25] . They proved that the solution of the given differential equation in annulus can be studied by standard singularity analysis.
In this paper, we can also identify the given differential equation (2.1) is integrable, when the ordinary differential equation (2.7) which obtained from (2.1) posses Painlevé Property. Also we can find the corresponding solution to the differential equation (2.7).
Painlevé Test
Consider the equation (2.1)
As discussed earlier, the above equation (3.1) has been changed to a thirdorder nonlinear autonomous ordinary differential equation by substituting r = x − Ct,
where Q is a function of r. If we use this form of (3.2), it does not pass the Painlevé Test. Therefore, we substitute Q(r)
According to the Painlevé Test the dominant terms of (3.3) are given by (3.4) and equate the coefficients of m to zero then we have s = −1, 0 and 1. Now we are substituting the expansion v(w) = − 1 w + a 0 + a 1 w into (3.3) to calculate the arbitrariness of a 0 and a 1 . For which collect the coefficients of various powers of w then equate them to zero. Finally, we get that a 0 and a 1 are all arbitrary constants. Therefore, we conclude that the reduced form of the modified Camassa-Holm Equation (3.3) passes the Painlevé Test. As a consequence, the equation (3.1) is obviously an integrable partial differential equation.
Conclusion
We have examined the Lie point symmetries and Painlevé Test for the modified Camassa-Holm Equation with an arbitrary parameter. By the performance of a symmetry analysis we have successfully found the Lie point symmetries of equation (3.1) with the arbitrary parameter k. Consequently we have reduced the order of the equation (3.1) from third-order to second-order and then we have also obtained a set of solutions for the resultant secondorder ordinary differential equation (2.8) . Through the Painlevé Test, we were observed that the MCH equation (3.1) is an integrable partial differential equation even with an arbitrary parameter k. 
